This paper provides a unified perspective on the dynamics of hurricane-and monsoon-like vortices by identifying them as specific limiting cases of a more general flow system. This more general system is defined as stationary axisymmetric balanced flow of a stably stratified non-Boussinesq atmosphere on the -plane. The model is based on the primitive equations assuming gradient wind balance in the radial momentum equation. The flow is forced by heating in the vortex center, which is implemented as relaxation towards a specified equilibrium temperature ¡ £ ¢ . The flow is dissipated through surface friction, and it is assumed to be almost inviscid in the interior. The heating is assumed supercritical, which means that ¡ ¤ ¢ does not allow a regular thermal equilibrium solution with zero surface wind, and which gives rise to a cross-vortex secondary circulation. Numerical solutions are obtained using time stepping to a steady state, where at each step the Eliassen secondary circulation is diagnosed as part of the solution strategy.
Introduction
Atmospheric flow is able to organize itself into distinct long-lived vortices with near circular symmetry about the vertical axis. Examples include tornados, lee vortices, hurricanes, cut-off cyclones, and monsoons of limited spatial extent, such as the North American or the Australian monsoons. These vortices have very different characteristics owing to the different types of forcing and dissipation and to the different spatial scales involved.
In the present paper we focus on the dynamics of stationary balanced vortices on the -plane with circular symmetry (also referred to as axisymmetry). Forcing is provided by heating in the vortex center. Dissipation occurs at the bottom boundary through surface drag, while the interior is assumed to be almost inviscid. These constraints still allow flows of rather different nature and include monsoon-and hurricane-like vortices. Both monsoons and hurricanes are characterized by a warm core and can be viewed as thermally forced. Although the combination of axisymmetry and vanishing interior friction can only be considered as a rough approximation for monsoons and hurricanes, these assumptions have proven fruitful as a first step towards a complete understanding of the dynamics of such systems (Emanuel 1986 , Wirth 1998 , Hsu and Plumb 1999 . The same approach is followed here. Distinct differences between monsoons and hurricanes are their spatial scales and the location of the maximum tangential wind; the latter is close to the surface in the case of a hurricane, but close to the tropopause in the case of a monsoon.
An important issue is whether or not there exists a secondary cross-vortex circulation being directed inward-upward-outward. In case of a nonzero secondary circulation the actual temperature anomaly in the vortex interior is smaller than the assumed thermal equilibrium temperature anomaly. This is associated with diabatic heating, which can be related to the release of latent heat and concomitant precipitation. To the degree that the vortex is inviscid in the interior, parcels conserve angular momentum on the upward-outward branch of the secondary circulation. This property, which is abbreviated AMC (for "angular momentum conserving", Plumb and Hou 1992) , strongly constrains the vortex; it gives rise to anticyclonic flow at the tropopause level and renders the equations nonlinear.
In our analysis we shall focus mostly on the overall features of the flow taking into consideration both the balanced vortical flow and the secondary circulation. Monsoon-like and hurricane-like vortices will be identified as two specific limiting cases of the more general flow system outlined above. The controlling parameters will be identified by analyzing the time scales of the different processes involved, and the results of this analysis shall be verified through numerical solutions. Table 1 aims to clarify the position of this work in relation to previous work. Emanuel (1986) developed a theory for the maintenance of a mature steady state symmetric hurricane in a conditionally neutral environment. In our notation this corresponds to the actual temperature ¡ being very close to the assumed equilibrium temperature ¡ ¢ . Emanuel's theory calls for strong surface winds ¢ ¡ as essential ingredient for the mechanism maintaining a hurricane against dissipation. In a separate line of development, Wirth (1998) adapted the ideas of Held and Hou (1980) and Plumb and Hou (1992) from spherical geometry to -plane . This opens a new degree of freedom for the full spectrum of solutions and sheds new light on hurricane-and monsoon-like vortices as particular limits. Such a generalization was mentioned by Emanuel (1995) , but that note focused on spherical geometry with zonal symmetry and was primarily concerned with the realizability of solutions expressed in terms of the horizontal gradient of boundary layer moist entropy. A somewhat different approach was taken by Fang and Tung (1996) who distinguished between dry and moist convecting regions of the atmosphere and found analytic solutions for the nonlinear Hadley circulation with an ITCZ in the limit of very fast cumulus convective adjustment.
The plan of the paper is as follows: after presenting the model equations in section 2, we discuss the numerical solution and illustrate a few general properties in section 3. Section 4 discusses threshold behavior and identifies hurricanes and monsoons as specific limits. Section 5 analyses the time scales associated with the relevant processes. This reveals the key parameters which determine whether the system approaches one of the limiting regimes or whether it is in a more general state. The scaling theory is verified by numerical solutions. Section 6 presents a summary, discussion, and our conclusion. Reality and regularity of the solution are addressed in the appendix.
Model equations
We consider the primitive equations on a Northern Hemisphere -plane. The flow is assumed to be rotationally symmetric about the vertical axis and balanced in the sense that the equation for radial momentum can be replaced by the gradient wind equation (see (2) below 
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where for our axisymmetric stationary flow the material derivative reduces to 
1 CBLAST observations suggest a leveling-off and possible decrease of
presumably due to flow separation over oceanic surface waves; we do not attempt to model this effect here.
Forming the square of (13) leads to
which can be used to rewrite (6) as 
The term ) and, hence, the breakdown of our solution algorithm. This procedure simulates the effect of horizontal, angular momentum conserving rearrangement of parcels by subscale motions, gently relaxing the vortex towards inertially neutral. On the level of the resolved flow it appears locally as a nonconservative term. The underlying inertially neutral vortex is estimated by a minimal rearrangement of angular momentum which renders turns out to be small in a sense to be discussed below, and we keep viewing our solutions as almost inviscid.
We assume zero convergence of eddy stress at the lower and upper boundary of our domain, i.e. . This prevents the boundary layer character of the inflow and outflow, respectively. Regarding the lower boundary, it is consistent with our separate (although not explicit) treatment of the surface boundary layer. Regarding the upper boundary our approach implies a diffusive flux of angular momentum across the domain boundary. However, this flux is small to the degree that the interior is inviscid, and the choice of this boundary condition does not have a significant impact on the overall character of our solutions (as was verified by explicit comparison). A more realistic treatment would have to include a stratosphere (see Dunkerton 1989 or Wirth 1998 
with the coefficients
and with the right hand side
The second equality in (25) is due to (6) . An equation analogous to (23) was first derived by Eliassen (1952) . Equation (23) . Our results do not sensitively depend on this boundary condition (as was verified by switching between different boundary conditions), because the extent of the computational domain is much larger than the radial scale of the forcing (see below, section 3).
The surface boundary layer cannot be treated explicitly in our model, because the assumption of gradient wind balance does not hold there. Instead, we implemented a simple parameterization of the boundary layer's impact on the interior of the domain. Essentially, the drag law (8) is transformed into a condition for at the bottom domain (i.e. at ¢ ¦ % ; cf. Schubert and Hack 1983, Wirth 1995) . It is assumed that within the boundary layer (of thickness ¢ ) the momentum balance (1) can be approximated by 
Numerical solution
The set of equations (1)- (5) is nonlinear and generally can be solved only by numerical means. The requirements on the numerics are substantial, because a unique implementation must be able to deal with a wide range of parameters covering distinctly different regimes (see section 4b). The method used for this investigation is the same as that described in Wirth (1998) and will only briefly summarized here. Basically, we use the time dependent version of our set of equations and perform a time integration until convergence is reached (cf. Dunkerton 1989 v ia (22). Although our "inertial relaxation" does not completely eliminate symmetric instability, it keeps its amplitude small enough such that the elliptic solver does not break down. For the actual time integration we use (1), while the associated balanced temperature is obtained from the thermal wind equation (6) which is integrated inward from the outer boundary. The integration is terminated when the rate of change of four different quantities (characterizing aspects of the primary vortex and the secondary circulation) are below a pre-specified small fraction of their initial tendencies.
Since angular momentum conservation in the inviscid limit is an important aspect of our model, we explicitly analyzed our numerical solutions in this regard. It turned out that both explicit and implicit diffusion are small enough such that important global constraints from angular momentum conservation are observed to a satisfying degree.
The forcing used throughout this study is given by , respectively. The particular radial dependence in (31) was designed such that one obtains an inertially stable vortex in the hurricane limit. Owing to the linearity of (23), the Eliassen secondary circulation can be partitioned into several contributions which add up to yield the total streamfunction . Diabatic heating gives rise to 
¢
; in this sense the impact of "inertial relaxation" is considered small. The partitioning of into different contributions is welldefined and will be used below in our scale analysis. On the other hand, we do not attach the notion of cause and effect to the different "forcings" and the corresponding parts of the streamfunction.
Threshold behavior and limiting cases for supercritical forcing
The thermal wind equation (6) is essential for our further discussion. It can be readily integrated in the vertical and solved for . Obviously the result depends on the direction of integration and the choice of the boundary condition. Specifying
Alternatively, specifying
and integrating downwards yields
In both cases the positive root has been chosen corresponding to that branch of the solution which has positive absolute angular momentum.
4a. Sub-and supercritical forcing
We now ask the question whether or not the system (1)-(5) allows a so-called thermal equilibrium (TE) solution, defined through
, which is regular and, at the same time, has zero surface winds (see appendix). With our treatment of the lower boundary and the further assumptions made, nonzero surface winds imply nonzero vertical wind, and this results in
i s a precondition for a true TE solution. Owing to (4) with (5) and (10),
a nd provides a simple solution to the full nonlinear set of equations in the inviscid limit
In the appendix we derive a necessary condition for regularity of a solution with zero surface wind (see (62)). This turns into a necessary condition for the true TE solution to be regular:
where the hat denotes the vertical average,
As shown in the appendix, this can essentially be replaced in the current context by requiring reality, which is guaranteed as long as Similar as in Plumb and Hou (1992) , any ¡ £ ¢ satisfying the above constraint is called subcritical, otherwise it is called supercritical. Supercritical forcing essentially means that the radial gradient of ¡ ¢ is so strong that -given the zero surface wind condition -at some altitude the hydrostatic pressure gradient exceeds the threshold beyond which the anticyclonic gradient wind solution is impossible. Both (34) and (36) (59)). It follows that monsoonal systems of limited spatial extent are likely to be, and hurricanes almost certainly to be, strongly supercritical (cf. Plumb and Hou 1992 , Emanuel 1995 , Wirth 1998 . We, therefore, restrict our attention to strongly supercritical forcing in the remainder of this paper. In particular, the forcing for the earlier example in figure 2 is strongly supercritical.
4b. Identification of regimes as specific limiting cases
In the case of supercritical forcing, there are basically two ways for the solution to remain real: either there must be a nonzero secondary circulation, or one has to allow nonzero surface winds. Generally, a combination of both will be realized by the actual solution. . The theory for this special case was worked out by Wirth (1998) . We associate this type of flow with the monsoon regime, or "monsoon limit". Numerical solutions in this regime are shown in the right column of figures 4 and 5, respectively. Basically, the secondary circulation must be strong enough such that the square root in (32) becomes zero at ¢ ¦ " out to some radius ¡ corresponding to zero absolute vorticity at the tropopause level. The latter, in turn, is consistent with the assumption of nearly inviscid flow in the interior, in which case the parcels conserve angular momentum while rising in the vortex center and radially spreading outward at the tropopause level (i.e. an AMC secondary circulation). Evaluating (32) at . Having thus obtained the vertical mean temperature, a quantitative measure for the strength of the secondary circulation is obtained by invoking the conservation of energy, which translates to the so-called "equalarea argument" for spherical geometry (Held and Hou 1980) or its appropriate generalization to circular geometry (Wirth 1998) . It was shown by Wirth (1998) Hurricanes can be viewed as a limit of our system in the following sense. Thermal relaxation is very strong such that the vortex is very close to thermal equilibrium. Correspondingly, ¡ can be obtained from (38) -because the flow is assumed to be inviscid. This construction essentially reflects the dynamical part of the hurricane theory by Emanuel (1986) in the framework of the present model. It is illustrated in figure 6 in the same format as in figure 2. Key differences between this hurricane limit and the example from figure 2 are the significantly stronger surface winds and the fact that the temperature is much closer to thermal equilibrium. The transition between the hurricane and the monsoon regime is illustrated in figure 7 , where five numerical solutions (dashed lines) are compared with the hurricane equilibrium solution (solid line). Panel (a) demonstrates that, depending on the strength of the thermal forcing, the surface wind can vary between close to zero and close to hurricane strength. Panel (b) indicates that all vortices have a warm core, but that in most cases the temperature is far from thermal equilibrium. Note also that the radial decay of the surface wind beyond the radius of maximum wind in panel (a) is rather modest. Evaluating (38) 
Discussion of scales and characterization of regimes
What determines whether the flow is close to the monsoon limit, close to the hurricane limit, or in a more general state somewhere in between? Phrased in terms of figure 8, which part of the available range (grey shading) is the actual temperature (dashed line) located in? We shall address this question by a systematic analysis of the time scales of the different processes (section 5a), leading to a characterization of different regimes (section 5b). Note that in the present section we are concerned about orders of magnitude only.
5a. Discussion of time scales
Instead of time scales we shall discuss inverse time scales or rates
The use of inverse time scales is considered to be somewhat more intuitive, since the rate ¢ is directly related to the strength of a process, in contrast to the time scale £ which is inversely related. 
We shall now work out how the model assumptions can be formulated in terms of these inverse time scales. First, it was assumed that the static stability does not differ significantly from its reference value, which means that surfaces of potential temperature must not be 
5b. Characterization of regimes
What process, then, distinguishes between a monsoon-and a hurricane-like vortex? More specifically: which scales characterize the two limits (hurricane and monsoon) and how?
We are going to argue that for a given geometry the overall character of the primary vortex only depends on
i.e. on the ratio between the strength of thermal forcing and the strength of surface friction. Heuristically this can be seen as follows. With the radial scale fixed, the three parameters (not shown). This led to an increased spread of points perpendicular to the hypothetical curve, suggesting that the remaining spread visible in figure 9 is associated the finite amount of viscosity which was necessary to keep the numerics stable.
In figure 9a , one observes small surface wind for small values of figure 9b approaches a constant value in the monsoon limit, and this value agrees well with the prediction from the approximate semi-analytical theory of Wirth (1998) . On the other hand, in the hurricane limit it approaches zero, which is again in agreement with theory. 
For a given value of , the vertical wind is determined by the surface wind according to (30). The surface wind, in turn, is given by ¡ ¢ in the hurricane limit and, thus, independent of¨ . Since 6 6 ¢ is approximately constant by assumption, the whole left hand side of (52) How about the secondary circulation? We quantify its strength by the maximum (upward) vertical wind. Repeating the same procedure as before, we do not find a unique dependence on ¥ only. This is evident in figure 10 , where the individual points do not collapse onto one single curve. Indeed, one does not expect such simple scaling for the secondary circulation. Equation (41) k m, exhibit basic features similar to those described above (not shown). In particular, the primary vortex scales likë , but the secondary circulation does not. Overall, the transition from the monsoon to the hurricane limit appears to be more gradual and there is a slight deviation from the expected behavior in the hurricane limit. 
Summary, discussion and conclusion
The current paper investigates stationary axisymmetric balanced vortices on the -plane. The model is based on the primitive equations assuming gradient wind balance in the radial momentum equation. The flow is forced by heating in the vortex center, which is implemented as relaxation towards a specified equilibrium temperature ¡ ¢
. The flow is dissipated through surface friction, and it is assumed to be almost inviscid in the interior. The general setup is similar as in Wirth (1998) except that we do not assume that surface friction reduces the surface wind to zero. This allows much richer behavior in comparison with Wirth (1998) and includes, in particular, both monsoon-and hurricane-like vortices.
Reality and regularity of the solution was discussed putting this work in relation to previous work. Criticality of the forcing ¡ ¢ was defined as in Wirth (1998) : For subcritical forcing it is possible to have a regular thermal equilibrium (TE) solution with zero surface wind. For supercritical forcing, on the other hand, this is no longer the case and the flow generally develops a secondary circulation as well as nonzero surface winds. Since real systems of interest appear to be strongly supercritical at small radial scales
, attention was restricted to strongly supercritical conditions. Depending on the choice of parameters, the corresponding vortices may have surface winds close to zero or may have Axisymmetric hurricanes and monsoons can be identified as two regimes corresponding to two specific limits of our model. This provides a new, unified perspective on both systems. In the monsoon limit, surface friction succeeds in reducing the surface wind to zero. The actual temperature ¡ significantly deviates from the equilibrium temperature ¡ ¢ owing to the secondary circulation, which is just strong enough to reduce the temperature to critical conditions. This limit was investigated in detail by Wirth (1998) . In the hurricane limit, on the other hand, the relaxation towards thermal equilibrium is so strong that ¡ 0 ¡ ¢
. As a consequence, there must be strong surface winds. This limit was studied before by Emanuel (1986 Emanuel ( , 1995 . In both limits there is a semi-analytic theory which allows one to compute the strength of the surface wind and the secondary circulation (Wirth 1998; Emanuel 1986 ). Under more general conditions the system is characterized by both nonzero surface winds and a significant deviation of
In a sense there is competition between surface friction to make the surface wind small and thermal relaxation to make
. This raises the following question: what determines whether the vortex is in the monsoon regime, in the hurricane regime, or somewhere in between? Scale analysis reveals that for a given geometry this selection is governed by the ratio ¥ ¦
, where¨ is the rate of thermal relaxation and quantifies the strength of surface friction for a given surface wind. The monsoon limit corresponds to small ¥ , while the hurricane limit corresponds to large ¥ . It follows that for fixed surface drag the thermal forcing time scale is the key parameter: it differs by at least one order of magnitude between the monsoon and the hurricane regime.
The scaling theory was verified through a large number of numerical solutions, for which both£ and were varied over a wide range. Indeed, to a good approximation both the strength of the surface wind and the deviation from the equilibrium temperature are a function of ¥ alone. The strength of the secondary circulation, on the other hand, is not only a function of ¥ alone, but it does show the expected behavior from the semi-analytical theories in the respective limits.
One may speculate about the implications of this work for the formation of hurricanes. To be sure, the current model is too simple to describe hurricane genesis. As a possible extension one could associate the equilibrium temperature ¡ ¢ with the strength of the surface wind in the spirit of WISHE (Emanuel et al. 1994 ), but this is beyond the scope of the present paper. Nevertheless, our results suggest that the establishment of a surface vortex during the transition of a tropical disturbance to a hurricane (Reasor et al. 2005) should be associated with a substantial strengthening of the thermal relaxation: given the equilibrium temperature ¡ ¢ and assuming fixed surface drag, the character of our steady-state vortices essentially depends on . Thus, our work emphasizes that, in addition to the surface wind and its coupling to the free tropospheric ¡ ¢ , the efficiency of convection letting
(represented by¨ in our model) is an important ingredient. Its evolution must be accounted for when trying to understand the transformation of an initial perturbation into a mature hurricane. If we interpret as an effective relaxation rate which is roughly proportional to the fractional area of deep convection (cf. Salby and Callaghan 2004) , our results are consistent with the observation that the fractional area is 100% in the eyewall of a hurricane, but much smaller in less organized convective systems. Indeed, Dunkerton (1997) found that an effective thermal relaxation rate of order 0.5 ¦ ¡¨ was sufficient to drive the zonally averaged Hadley circulation; this rate is consistent with a fractional coverage of 1-2% and a convective time scale of 30 minutes.
Motivated by the key importance of thermal relaxation, an obvious extension of the present work would be a model which distinguishes between convecting and non-convecting regions assigning different values of¨ to either of them. For spherical geometry with zonal symmetry this allows analytic solutions in the limit of very fast convective adjustment (Fang and Tung 1996) . More generally, we imagine to be part of the solution, in some yet-tobe-determined way (e.g. Dunkerton 1997 ). Other generalizations include the addition of an explicit boundary layer and a refined treatment of air-sea exchanges of momentum and moist entropy; in particular, their dependence on surface wind. Investigating such extensions is left for future research.
Overall we conclude that the dynamics of axisymmetric hurricanes and monsoons can be viewed as specific cases of a more general almost inviscid flow system with thermal forcing in the vortex center and dissipation at the bottom surface. In this framework monsoons correspond to the limit of weak thermal forcing and hurricanes to the limit of strong thermal forcing.
Appendix: Real and regular solutions with zero surface wind
Equations (32) and (33) impose constraints on the temperature field
, because the term under the square root must not be negative for the solution to be physically viable. When concerned with a large scale flow, it is reasonable to assume that surface drag is strong enough such as to keep the surface wind small (cf. Held and Hou 1980 , Plumb and Hou 1992 , Wirth 1998 . This appendix explores the conditions for reality and regularity for our -plane solutions with zero surface wind, and it puts the results into the perspective of earlier results with spherical geometry and zonal symmetry. 
For spherical geometry with zonal symmetry there is a similar possibility for the zonal wind to become imaginary. Assuming zero surface wind and integrating the corresponding thermal wind equation (equation (5) in Plumb and Hou 1992) in the vertical yields a quadratic equation for the zonal wind. Requiring its solution to remain real imposes a constraint on the latitudinal temperature gradient which is analogous to our equation (56). According to this constraint, the poleward increase of the vertically averaged temperature must not exceed a certain threshold. Regarding the tropospheric general circulation, this constraint does not appear relevant, as the temperature generally decreases poleward, and this is why reality of the solution has not been an issue in related studies.
5 A physical realization of the marginal solution evokes air parcels rising on the axis of symmetry (i.e. at the pole) and traveling away from the axis of symmetry (i.e. equatorward) in the upper troposphere. The result is a planetary-scale easterly jet with zero angular momentum and zero absolute vorticity at tropopause level. While this scenario is considered unrealistic in the case of the planetaryscale general circulation with spherical geometry, it corresponds to the standard set-up for our thermally forced -plane vortices with cylindrical geometry. Thus, the spatial relation between the maximum heating and the axis of symmetry is distinctly different in the two geometries distinguished in the two columns of table 1. This explains why different aspects are relevant in the current work and in earlier work despite a close formal analogy of the equations otherwise.
Not any solution which is real can be considered as physically viable. In the past, physical viability has been related to regularity in the sense that the inviscid solution must be the frictionless limit of a solution with small, but nonzero viscosity (Hide, 1969; Schneider, 1977; Held and Hou, 1980; Plumb and Hou 1992) . In terms of angular momentum as a necessary condition for regularity. This relation (which is our analog to (8) in Plumb and Hou 1992) constrains a measure of temperature radial curvature above some threshold in the sense that positive temperature anomalies must not to be too localized in .
We restrict our discussion to the case where 
where the last identity is due to (57). It follows that regularity of a solution implies its reality. The reverse is generally not true, and it is easy to design vortices which are real but irregular. 6 Again, it is instructive to consider a solution which is marginally regular in a finite neighborhood of the origin. A physical realization can be obtained when air parcels at the origin rise to the tropopause and then spread radially outward while conserving angular momentum. The foregoing shows that this implies 
Comparison with (57) shows that this solution is not only marginally regular but also marginally real in the neighborhood of the origin. In this sense, marginal reality and regularity are equivalent in our present setup and the critical gradient 6 ¡ ¤ £ 6 defined in (57) applies equally to both.
